Abstract
n Introduction
Composites are currently one of the most important classes of materials used in almost all branches of industry. A wide group of composite structures is represented by fiber reinforced polymers [3, 4] , Fibred Metal Laminates or Sandwich Panels. They can be met in civil engineering (reinforcing windows or doors) [2] , dentistry [10] , orthopedics (implants) [7, 10] , the automotive industry (housings and panels) [1] , the aircraft industry (skins of airplanes, wings) [13, 17] or wind turbines (shovels) [9] . Their main advantage is a high strength to weight ratio. Instead of using pure metals or their alloys, which are usually very heavy, composites are used. This paper focuses DOI: 10.5604/12303666.1161764 include experimental and numerical [19] comparisons of results. Laminates are usually modelled as orthotropic materials. In order to consider all phenomena occurring in the laminates [11, 14] new elements for the Finite Element Method has been designed [6, 15, 18] . The Finite Element Method is a very powerful way to perform any type of strength analysis when analytical-numerical solutions usually have to contain simplifications. In the case of non-symmetric lay-ups of the laminas, analytical methods become more complicated and another numerical or analytical-numerical method should rather be applied [20] due to the appearance of non-zero values in elements of stiffness matrix B. These elements are responsible for unexpected phenomena e.g. twisting during compression or bending.
The main aim of this study was to prepare a simple analytical model that allows to find a function describing the influence of the angular arrangement of fibers with respect to midplane symmetric laminates on the buckling load. In order to show only analytic methods of determining the stiffest angular arrangements, the symmetry of the lay-up in an eight layered laminate is considered. A simple form of an analytical method has got some limitations -only the function of two variables can be investigated, which means that in the case of an arbitrary number of layers, the maximal value of variables introduced (in this case -angles can be two). The simplicity of the method presented may turn out to be very useful and quick during the design process of composite panels. Having just simple mathematical software (Mathematica or Matlab) or own software code optimisation, the problem of finding the highest stiffness of composite panels [17] can be easily solved.
n
Analytical solution
The method proposed is derived for rectangular composite plates with dimensions a × b × t, where a is a length of the plate, b -the width of the plate, and t is the plate thickness (Figure 1) . 
where ν 21, according to the Betty-Maxwell theorem, can be calculated from:
.
The arrangement of the principle axes of orthotropy (fibres) can be rotated with some angle with respect to the main coordinate system, and the new Q coefficients of the stiffness matrix is expressed by [16] see Equation 2.
As has been mentioned, at the beginning the plate is assumed to be symmetric with respect to the midplane and even has a number of plies. Thus only the elements of matrix D (part of the stiffness matrix corresponding to bending) are needed to calculate the buckling load.
According to Jones [16] , the buckling force of a composite plate simply supported on each edge and subjected to unidirectional compression, is equal to Equation 3 where m and n are the numbers of halfwaves in the x and y directions (Figure 1) , respectively, and then coefficients D ij , for any case, are given by [16] see Equation 4 where is the thickness of the k th ply, and z k is the distance from the geometric midplane to the middle of the k th ply. For a symmetric arrangement of the plies with respect to the midplane, for even numbers of plies (k = 2n) and plies with all the same thickness t (arrangement and , the following formula is valid see Equation 5.
At this stage of the considerations, a conclusion can be drawn that layers which are the most distant from the geometrical midplane of the plate have the greatest influence on coefficients D. In further considerations only the case of an 8 ply symmetric laminate with an angular arrangement equal to: [θ 4 , θ 3 , θ 2 , θ 1 , θ 1 , θ 2 , θ 3 , θ 4 ] will be taken into account. In this case coefficients are equal to Equation 6 (see page 94).
Introducing at most only two variables a and b (denoting angle of ply orientations) the three cases of the angular arrangement of the plies have been consid-
Equations 2, 3, 4 and 5.
Equations 6, 7, 8, 10 and 11.
sin(-x) = -sinx so sin 2 (-x) = sin 2 x and cos(-x) = -cosx so cos 2 (-x) = cos 2 x.
ered to verify and check the tendency for the buckling load in the midplane symmetric laminates. They are as follow:
, where, a and b angles can be change from -90° to +90°. The cases of layer arrangements assumed allow to describe almost all types of midplane symmetric laminates in which the bending -stretching coupling as well as bending -twisting coupling are zero (deformation caused by the load are analogous to the structure of isotropic materials). It should be noted that midplane symmetric laminates are one of the most popular angular arrangements appearing in the literature [5, 20] and used in real structures.
In the first case [a, -a, a, -a, -a, a, -a, a] , 
Exemplary results of calculations
Calculations were performed on rectangular composite plates with dimensions a×b×t made from GFRP laminate. Material properties are taken from the results of experimental tests [4] and assumed to be as follow: n Young modulus: E 1 = 38.5 GPa; n Young modulus E 2 = 8.2 GPa; n Kirchhoff modulus: G 12 = 1.92 GPa; n Poisson ratio: ν 12 = 0.27. Necessary parameters of the laminate are as follow:
In further considerations, the value of the thickness of the lamina was assumed to be t k = 0.26 mm. A series of three dimensions of the plates a = b = 100 mm, a = 2b = 200 mm, and a = 3b = 300 mm have been taken into the calculations. Due to the simple axial load, it is assumed that in the b direction only one halfwave can occur. Figures 3 -8 show the dependence between the critical force and angle for three values of The buckling force should always be taken as the smallest one from curves coresponding to given buckling modes.
The plots presented in
In the case of layer arrangements, 3D plots had to be prepared, and are presented in Figures 9 -10 .
In all of the cases of lay-ups assumed in terms of the variables, the highest stiffness is obtained by using arrangement Table 1 , and these results are in good agreement with numerical and experimental investigations. In [20] 12 th layered symmetrical laminates were analysed using semi-analytical and finite element methods. It turned out that the symmetrical arrangement which consists of only ±45 plies still provides the highest buckling load even in higher number of plies. Experiments performed in [4, 5] showed that introducing a further 0/90 ply pairs decreases the critical force. Numerical predictions were in good agreement with experimental tests. According to the analysis performed, which includes only some special orthogonal pairs of arrangements, a conclusion can be drawn that lay-ups consisting of only ±45 angles provides the highest buckling loads in all fibred materials, which are assumed to be ordered symmetrically with respect to the midplane. However, the experiments quoted showed that placing the two laminas near the midplane at 0 angles (e.g.
[-45/45/-45/0/0/-45/45/-45]) can slightly increase the buckling load; however, according to assumed in this article, the sequences of plies cannot be proven. n Conclusions
The method presented gives results very comparable to FEM. The relative error turned out to be no higher than 2% in the case of arrangements including angles 0 and 90 and those not higher than 10% for lay-ups ±45°. The results of experimental tests are proportional to those obtained from analytical, numerical and FEM methods. The main advantage of the way of calculations presented is its availability, simplicity and arbitrary number of plies which can be introduced. However, it also has disadvantages due to the limited number of variables introduced and validity only for symmetric lay-ups. According to calculations performed by other authors, a conclusion can be drawn that in the case of fibred laminates the highest buckling loads appear in arrangements composed of ±45° plies. In the future, the method presented can be extended using other numerical methods, introducing an arbitrary number of variables.
Glass and carbon fibre laminates have a lot of advantages in terms of proper design. They provide a high strength to weight ratio and a very wide range of appropriate materials. After choosing proper material, forming of the composite can still be controlled by the designers by angular arrangements of the fibres, as presented in this paper.
The analytical method presented can be used in the form presented or extended for more layers and be used in the design process, which could be important in situations where a quick evaluation of construction stability is needed. Such a problem may occur when the mechanical system is too heavy, and due to this fact it does not fulfill its tasks -as a very good example the elements in aircraft can be quoted. Before standard FEM analysis of the whole plane it is good to evaluate the stiffness of some parts -this approach seems to be ideal for this purpose. In the future, the authors will verify experimentally tendencies presented for other structures, such as complicated shaped columns, not only simple plates. 
